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1. INTRODUCTION 
Investigating the existence of small solutions of quadratic congruences, 
D. R. Heath-Brown proved [H.-B.] the following identity, for a quadratic 
form Q with integral coefficients in four variables. Let p be an odd prime 
number not dividing the determinant det Q of Q. Then, for any function f 
on Iw4 satisfying the conditions for the Poisson summation formula, we 
have 
wheref(y)=jR4f(X)e((XIy))& e(t)=e”“’ for tE(W, (xIy)=C;‘xiyiw 
A generalization was proved by J. W. Sander [S]: the odd prime number p 
is replaced by a square-free odd number, still prime to det Q; the formula 
becomes 
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where eb( t) = e(t/b), t E R, and jGtbj . . . du is the average over the group 
G(b) = (Z/M)* of integers mod b which are prime to b. 
Here, we prove a general formula involving a quadratic character of a 
locally compact commutative group. A consequence is an identity involving 
Gauss sums attached to integral quadratic forms on R”, 
s(Q, b)= c eb(Q(k)), 
I( E L”jbL” 
where b is prime to the discriminant of Q. The formula is 
We observe that the Galois group of the cyclotomic field Q(&) is naturally 
the group G(b) and that g(uQ, b) is the transform of g(Q, 6) by the 
automorphism defined by u. When g(Q, b) is a rational integer, then 
g(vQ, b) = g(Q, b) for v E G(b), and the 
CfIo jG(b)eb(-UQ-l(~,)~(~/~)dv. Th’ 
right-hand side is b -““g(Q, b) 
1s is in particular the case for 
n = 4n’, a multiple of 4, and b odd, where g(Q, 6) = b2”‘(det Q/b)“‘, and 
we recover the earlier formulas. For instance, when n =4, we have the 
quadratic reciprocity formula 
where 
F(e.f;h)=t~z4(,fi, ( ~,,,,(Q(i))-~,~'~,,~,,,,(Q(r,,,)f(~/~)~ 
b = p:’ . . pt and B,,(x) = 1 if p’l x, 0 otherwise. 
2. QUADRATIC GROUPS [W,G] 
We recall the definition of a quadratic group (cf. [G] ). A quadratic 
group (A, q) is a locally compact commutative group A with a quadratic 
character q, that is, a continuous map on A x A, with values in the 
group CU of unitary complex numbers, such that the symmetric map 
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is bi-additive and identifies A with its Pontrjagin dual. Then, we have a 
unique associated self-dual Haar measure dx on A. The Fourier transform 
on the space S(A) of test-functions is given by 
.h, = jA f(x)@ I v), dx, 
and the inversion formula is 
f(x) = J-, hW 1~4,’ &. 
The orthogonal S 1 of a subset S of A is the set of x E A satisfying 
(x 1 y), = 1 for all y E S. It is a closed subgroup. 
To the quadratic group (A, q) there is associated its lambda factor 
2(q) = 2(A, q). It is a unitary complex number, given by the functional 
equation 
s, q(x) ufb) dx = l(q) jA q(y) -’ f(v) 4, feSS(A). 
In other words, the tempered distribution q defined by f - IA q(x) f(x) dx 
has Fourier transform I(q)& 
For a closed subgroup D of A and E = Dl, the map from A to 6, the 
Pontrjagin dual of D, defined by 
x H (2 H (x Iz),) 
induces an isomorphism of A/E onto B. The choice of a Haar measure dz 
on D determines a dual Haar measure on b, hence a Haar measure on 
A/E, this measure and the self-dual Haar measure on A determine a Haar 
measure dy on E. We say that these Haar measures dz on D and dy on E 
are taken in duality. 
3. THE THEOREM 
Let A4 and N be two subgroups of A satisfying Ml = N, N 1 = M. This 
gives an identification of the Pontrjagin dual of A4 with A/N, as A has a 
natural Haar measure, the choice of a Haar measure d, on A4 determines 
a Haar measure dN on N. 
The restriction of q to M n N = C is a character. We choose a in A such 
that q(z) = (a I z)~ for z E C. Let qol be the quadratic character of A given by 
4dx) = &)(a I xl;‘. 
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It is trivial on C, and by restriction to M, it defines a quadratic group 
structure on M/C. We observe that IX is uniquely determined modulo the 
subgroup B = C ‘, As q, and q have the same associated bi-character, 
( I )4o = ( I )y, the Haar measure defined by qa on the quadratic group M/C is 
independent of the choice of ~1. This shows that d, defines a Haar measure 
on C, hence also a Haar measure dB on its orthogonal B. 
The inclusion M + B defines an injection M/C + B/N. The dual of this 
map is a surjection: it is 
N ‘/Bl = M/C + C ‘/ML = BIN, 
so we get an isomorphism M/C N B/N. We use it to carry the quadratic 
character q, on M/C as a quadratic character qil.l,c, on B/N. We write also 
qw,# for the pull-back of qlcr.m to B, so that qM,X is constant mod N, and on 
x E M it is q(x)(a 1 x); ‘. 
THEOREM. Let (A, q) be a quadratic group, and M, N, C, B, ~1, qMu,E as 
above. Then, for any test-function f E S(A), the following identity holds: 
Proof. On the left-hand side, we decompose the integration over M as 
Lc q(y) UC W),&)f(y+44z d,? > 
=!-M,cq(Y(JB f(x-4(~/x-4,4,x d,y. > 
We have applied the Poisson summation formula to the inner integral. By 
definition of the lambda factor for the quadratic group (M/C, qMM.%), this is 
equal to 
4qeJ j MIC qdx)-‘(j MIC F(y)W~,&)dx,~ 
where F is the test-function on M/C given by 
F(y)= jBf(x-4(ylx),d,x 
EC= f(x+z-cr)d,z (xl y),dx 
f(x+z-a)dNz (xl y),dx. 
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which is the right-hand side of the identity. The theorem is proved. 
We examine some examples: 
(a) M=O; then N= B=A, C= 0 and the formula is f(O) = 
j,.,fbW 
(b) A4 = A; then N = C = 0, B = A, and the formula is the functional 
equation for the lambda factor of (A, q). 
(c) A is the direct product G x H of two locally compact com- 
mutative groups in duality, and q(x, y) = (x 1 y). We take M = G x { 0} so 
N= M= C= B and the formula is, for gE S(G), h E S(H): 
i(O) s,hx) dx = J-, g(x) dx h(O). 
4. APPLICATION 
We take R! with its usual Fourier transform f(x) = JR f(y) e2nixy dy. 
Fix a non zero rational number r, and define 
q,(x) = e2nirx2, XER. 
This gives a quadratic group structure on R, for which the bicharacter 
(x 1 y),, is e41rir-‘-“. We take A4 = Z, so N = (1/2r)Z. We write r = a/b, with 
coprime integers a, b, and b 2 1. Then: 
(1) forbodd,i.e.,for Ir12<l, wehaveC=bZ, B=(1/2a)ZChoosean 
integer a’ inverse of 2a modulo 6. Then, the identity of the theorem is, for 
f~S@)Y 
Ce 2xire~( r/d) = b - ‘12g( r ) 1 e -22nir”‘2f( q/,,h), 
5EZ VEL 
where r’ = a’lb and g(r) = C, mod b e2airk2. 
(2) for b = 2b’ even, i.e., for lrlz > 1, we have C= b’Z, B = (l/a)Z. We 
distinguish the two cases according to the parity of b’: 
QUADRATIC CHARACTERS 361 
(2’) 6’ even, then the quadratic character qr is trivial on C, and the 
above formula written for b odd is still valid here when b is replaced by h’ 
and a’ by an integer inverse of a mod b’, so r’ = at/b’; 
(2”) b’ odd, we can take CI = b/4a in Section 3, and the formula in the 
theorem is, with a’, r’ as in (2’), 
with 
= b’-‘12g(r) 1 (- l)V e 
qtz 
g(r) = 1 (- l)k e2nirk’, 
k mod b’ 
The unitary parts of the Gauss sums g(r) are eight-roots of unity, and their 
values are well known (see, for example, [G] ). 
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